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ON THE CONFORMAL REPRESENTATION OF CERTAIN ISOSCE- 
LES TRIANGLES UPON THE UPPER HALF PLANE 

By L. Wavlanu DowLim; 

1. Introduction. The problem of confornially rei)resenting a poly- 
gon whose sides are right lines or arcs of circles, upon the upper half of the 
2-plane, was completely solved more than tliirty years ago by Christoffcl and 
Schwarz.* 

If the angles of a rectilinear triangle, situated in the w-plane, arc ott, 0ir, 
and 77r, then the representation is effected by the formula 

c,w + e, =y (^ _ „) 1 - . (-^ _ 6)-i— ^77177)7^ ' 

where the constants a, b, and c, are the values of z (real) corresponding to 
the vertices of the triangle. The constants Cj and C^ depend upon the posi- 
tion of the triangle in the ««-plane. 

In the following pages this formula is api)lied to certain plane triangles, in 
particular, isosceles triangles, and the discussion is limited to the simplest 
cases, viz: triangles whose angles are rational proper fractions of 180°. Obvi- 
ously any such triangle can be formed from a regular pohgon by joining 
three of its vertices, provided the number of sides of such a polygon is a com- 
mon multiple of the denominators of a, /3, and 7. 

It is assumed, for convenience, that the constants a, b, and c, have the 
values —1, +1, and respectively, and that the lowest common denominator 
of the fractions a, 0, and 7, is )i, so that the polygon of least number of sides 
from which the triangle can be formed is an n-gon. Furthermore, putting 
1 — a = X,/n, 1 — ^ = Xj/n, 1 — 7 = Xs/n, the Christoffel-Schwarz formula be- 
comes 

(1) C\w + C., = I- '^l _ -^^ . 

J y(z + i)*.(/- iy«a*' 

In the formula tlius written, \i, Xj, and \ are integers satisfying the con- 
ditions 

(2) 2X, = 2u ; 1 <\i< n; ({ = 1, 2, 3). 



* Christoffel: Ann. di. mat., ser. 2, vol. 1 (1867), p. 07. 
Schwarz: Crelle, vol. 70 (1869), p. 117; Werke, vol. 2, p. 80. 

(69) 
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Every set of three integers satisfying these conditions may be taken to 
represent a triangle ; the symbol [\i, Xj, Xg] designating the triangle whose 
angles are 

(1_?^)^, (l--^),r, and(l--*)7r. 

The representation is obviously not unique, for any given triangle will be rep- 
resented by an infinity of such sets of numbers just as it can be formed from 
an infinity of regular polj'gons by joining vertices. Any given set of num- 
bers, however, satisfying conditions (2), can represent but one triangle. 

The integral in (1) is an Abelian integral of the first kind existing upon 
the n-leaved Riemann surface 

(3) «» ={Z+ 1)^.(3- If'^K 

This surface has winding points at « = —1, +1, and 0, and nowhere else. 
If ^,= [n.; X], i. e., the highest common factor of n and \,-, then, at the 
winding point for which X, is the exponent, tlie n leaves are grouped into pi 
groups, each group consisting of n/p, leaves winding together. Hence the de- 
ficiency of the surface is 

Besides the integral (1) there are p—l other integrals of the first kind 
existing upon the same surface and linearly independent of (1). 

2. The complete set of integrals of the first kind. The first ques- 
tion will bo to find out the meaning which such a set of independent integrals 
has in the problem of the conformal representation of the given triangle [\|, 
X,, Xg] . The theory of Abelian integrals teaches that, for proper values of 
the integers /,-, ti^, s,, Sg, the integral 

(z + 1)»'(3 - l)''z'> J _ f dz 



(5, i,^lii±iy^^2ri^,.,J 



yj{z -f \Y'{Z — 1)''=5''3 



will be an integral of the first kind upon the same surfiice (.'{) and will be in- 
dependent of ( 1 ) . The nccessarj' and sufiicicnt conditions to be imposed up- 
on the /Ci's arc : 

C6) /.;X,- = /i,- (mod n), 2^, = 2n, 1 < /li; < h ; (i = 1, 2, ?,). 
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The first of these conditions states tliat the /I's are derived from the (ftveii 
\'s as is indicated in (ft). The conditions 2/t,- = 2n and 1 < /*, < n insure the 
iiniteness of the integral over the entii'e llieinann surface. 

It is necessary to show, first of all, that the intcgmls It fomi a complete 
set of linearly independent integrals when the conditions (6) are satisfied. 
That the integmls /<.. are linearly independent follows from the theory as above 
noted. 

There are obviously not more than n — 1 ditterent sets of /x's satisfying 
the conditions k\{ = Hi (mod n) and !</*<< n. In fact if n is prime to X,, 
Xj, and Xg there will be Just n — 1 sets of n'a satisfying the above congruences 
and the conditions 1 S /*< < n. But if n is not prime to each of the X'e and 
if, as before, pi stands for [n; X.;], then the theory of linear congruences 
shows that there are pi — 1 values of A- other than zero for which AX, = (mod 
n) ; i. €., there will be Pf — 1 of the /*,'s equal to zero and these must be 
thrown out as not satisfying the conditions 1 < fii < n. Hence there cannot 
be more than jj — 1 — 2 (pi — 1 ) sets of /t's satisfying the first and third of 
conditions ((>). Of these sets, however, not all will satisfy the remaining 
condition, 2/*j = 2ft. For, suppose Aj is a multiplier giving rise to a set of 
fi's satisfying all the conditions ((5), then the multiplier n — /■•, will give rise 
to a set of fi's not satisfying the condition 2/*,- = 2», since (n — Ai)Xi is obvi- 
ously congruent to n — n, (mod n) if A-'jX,- = /*,- (mod n) . But 2(m — /*,) = n. 
Hence there cannot be more than 

(n-l)-S(j>,-l) _ n + 2 -2j>, - _ 
2 2 ~' 

sets of fi's satisfying all of the conditions ((5). To see that there is exactly 
this number notice that for every set of ^'s satisfying the congruences /cX, = 
fi/ (mod n) we must have 2/tj = (mod n) because 2X, = 2n. Imposing the 
conditions 1 < /*j < ?i we see that 2/*,- must be either w or 2;i, and for every 
value of k that makes 2/i, = 2n thei-e is another, namely n — f>; that makes 
2/i,- = ft, and vice versa. Therefore there are exactly p sets of integers n 
satisfying conditions (6) and hence exactly ^j of the integrals /i. ; i. e., the 
4's form a complete set of linearly independent integrals upon the Kiemann 
surface (3). 

As an example, consider the triangle [7, 8, 11] whoso angles arc 

-.•Tr, f^-T, rrj'"". It is represented conformally upon the upper half plane 
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by the integral 

j_f dz 

' J "y/(z + ly (z - 1)82" 

The integrals /i, I3, I-,, Ig, -^, and 7ji form a complete set of linearly in- 
dependent integrals upon the surface «'' = (2 + 1)^ (z — 1)" z", any one of 
which may be written down at once, for instance : 



=/ 



(2 -I- ly {z - l)*z« dz 



u 



Now the fi'a corresponding to any one of the /j's must satisfy precisely 
the conditions (2) imposed upon the X's and hence it follows that each inte- 
gral /i represents some triangle conformally upon the upper half-plane ; more- 
over, this triangle is formed from exactly the same regular polygon as was the 
original triangle. Therefore : 

T7ie complete set of linearly independent integrals of the first kind, /j,, ex- 
isting upon the Riemann surface m" = (z + l)**' (z — l)*»z*« represents confor- 
mally upon the upper half-plane a set of triangles each of which can be formed 
frmn the same regular n-gon by joining three of its vertices in the proper man- 
ner. 

This theorem sets up an intimate relation between a particular set of lin- 
early independent integrals of the lirst kind existing upon the Riemann sur- 
face (3) and a particular set of triangles formed from a regular n-gon. It does 
not assert, however, that tlie triangles will necessarily be all distinct. In fact, 
the same triangle will, in general, be represented conformally upon the upper 
half-plane by different integrals if its vertices be permuted. In the examples 
([uotcd above we have the correspondences 

/i . . . [ 7, 8, 11], It . . . [10, 4, 12], 

/s . . . [ 8, 11, 7], /» . . . [ 4, 12, 10], 

I, . . . [11, 7, 8], /„. . . [12, 10, 4]. 

Here, /i, /g, and /j represent the same triangle with its vertices permuted 
cj'clically, and the same is true of the integrals I,, Ig, In- 

3. The regular n-gon. A second question would be to discuss com. 
[)!otoly the triangles and coiTcsponding integrals arising from any given n-gon. 
The general problem, however, is one of great complexity and does not seem 
to admit of concise statement or solution. Something may be said, however, 
and, first of all, the number of distinct triangles that can be foimed from the 
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n-gon by joining vertices may be determined. For this purpose it is convenient 
to arrange tlic triangles in columns as follows : 

[n — 1, n — 1, 2] [?t — 2, n — 2, 4] • • • [n — ^■, n — k, 2k'\ 

[n _ 1, n _ 2, 3] [n - 2, n - 3, 5] • • • [n - k, n - k - 1, 2k + 1] 

[n — 1, n — r, r + 1] [n — 2,n— s, .<? + 2] • • • [n — k, n — L, k + i] 

The columns are to be continued until the Xj, Xj of the last triangle in 
each are either equal or X^ = Xj + 1. In this way the scheme takes account 
of every possible distinct triangle without repetitions. Suppose the columns 
numbered from left to right in order and divided into two groups ; group I 
containing the odd numbers and group II, the even numbers. The following 
statements are then easily verified : 

1. Tlie number of columns is always the greatest integer contained in 

h/3. For the number of columns is evidently equal to k, and 2k 
must be S to n — k, hence k & n/3. 

2. If n = 0, 1, or 2 (mod 6), the number of columns in each group will 

be equal ; while if n = 3, 4, or 5 (mod 6), the number of columns 
in group I will exceed those in group II by unity. 

3. The number of triangles in the columns of either group form an arith- 

metical progression whose common difference is — 3. If n is even, 
the first term of this progression for group I is }(n — 2) ; for 
group II, i(n — 4). If n is odd the first term for group I is 
i(n — 1) ; for group II, 4(n — 5). 
These statements furnish the means for computing the number of triangles 
by a simple sununation of the series involved. If v represents the total num- 
ber of triangles, the results may be concisely stated as follows : — 



If n« = (mod (5), v = 

if n- = 1 (mod 6), v = 

if n- = 3 (mod 6), p = 

if n'^ = 4 Cmod (5 ) , p = 



12 ' 

n"- 1 
12 

11^ + 3 
12 

n-^-4 
~12~ 
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Among the p possible distinct triangles that can be formed from the given 
n-gon, there is one group which stands out prominently from the rest. This 
group contains all the possible distinct isosceles triangles that can be formed 
from the n-gon, and is studied in detail in the following section. 

4. The isosceles triangles. The integral (1 ) may be written in the 
form 

dz 



(7) 0,w+0,^j-- 



^[l±i]"[ir.i]' 



since X^ + \j + \3 = 2n. The triangle is assumed to be isosceles, so that 
Xj = \2. Further, making the substitution 

22- 1 

— fn 

Z^ -^ ' 

the integral reduces to 



(8) C,w+C, = ^J 



in-l-K, (H 



.__, , 



which is h3'perelliptic in general. 

Putting Xj = n, — r so that vn-jn is one of the two equal angles of the tri- 
angle, and allowing Cj and C\ to be n/2 and respectively, the integral be- 
comes 

rt "-1 dt 



IV 



n v- 



Hence the theorem : — An isosceles triangle in the w-j)Iane lafiose angles 
are I'Tr/n, rTr/n, (?i — 2j')7r/n is represented confornialli/ upon the upper half 
of the z-plane hy the equations 

fH"-^ dt z^-l 
(9) w^ , t- = 5- . 

Proceeding to the geometric significance of these equations, there is, first 

of all, an n-leaved Riemann surface spread over the z-plane. This surface can 

be rendered simply-connected by a cut and proper bridging along the segment 

of the real axis extending from —1 through to +1. This surface is trans- 

z^ — 1 . 

formed, by the substitution — - — = t'\ into a two-leaved Riemann surface 
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spread over the <-plane and having winding points at the places representing 
the n roots of unity. Infinity is a winding point or not according as n is odd 



^ ^ 



z=-i 



2 = +l 



«-plane, a Ktemaun surraco with 
Are leaves, pssi. 




f-l>lane, a Rlvmann surface witli 
two leaves. /> s 2. 



no. 1. 




ui-planc. 



or even. This suiface may be made simply connected by cuts extending radi- 
ally from the finite winding points to infinity. Consider, next, what corre- 
sponds to the real 2-axis. 
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Putting 



then 



z + 1 = Pie''', z — 1 = p.,e'\ and z = />»e'*', 
IPiP-i i (Bx + <»» - 2^s\ 



-n^'^ 



If, now, 2 starts at and describes the real axis in the positive direction, one 
of the values of t will start at qo and describe the line inclined to the axis of 
reals at an angle tt/w. The segment of the a-axis between and 1 corresponds 
to the line AO [see Figure 1]. The segment of the 2-axis from 1 to oo corre- 
sponds to the line OC from < = to < = 1. Here t encounters the cut extend- 
in*' from 1 to 00 and descends to the lower leaf returning to as z describes 
the segment from w to —1. Finally, as z describes the segment from —1 to 
0, t describes the line OB inclined to the real axis at an angle — ir/re and ex- 
tending, on the lower leaf, from to ». The upper half of the first leaf, say, 
of the 2-surface is thus correlated to the infinite sector A OB, one-half of which 
lies in the upper leaf of the ^-surface and the other half in the lower leaf. The 
complete correlation of the two surfaces can now be efiected by a simple in- 
spection of the figure, as is indicated in Figure 1, where Ui and X,- stand for 
the upper and lower halves of the ^"'-leaf, respectively. 

Choosing oo for the lower limit of the integral in (9) so that when t =x> , 
?o = 0, the path of w corresponding to the <-path AOQOB is found to be the 
given isosceles triangle situated with its vertex at the origin and its base be- 
low aAd parallel to the real w-axis, viz., at FQR in the figure. For when t 

•ri 

describes the line AO, it is always equal to e"a; . Making this substitution 
for t in the integral (9), it becomes 

= e" / 



W 



Jr. 
f 
00 



y/l + a;" 
xx^'-Hx 



^1 + x" 

is obviously real and finite for all real positive values of x. Hence «• describes 

a line inclined to the real tc-axis at an angle r7r/n. 

The integrals 

'x^'-'^dx , /"V-'dx 
——z=:z and / -^=. 
y/1 + a;" > y/1 



(10) fX=^ -<i T-^ 

Jo sjT+l^ Jo s/l - 
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for which we shall use the symbols R^ and Kr respectively, are expressible as 
F-functions and are real positive constants. 

They are related, as the theory of the F-function shows, by the equation 

(11) iZ^COS — = Kr. 

It is easy to complete the w-path corresponding to the <-path AOCOB. 
The following table exhibits the correspondence : 



z= 0, 


1, 


00, 


-1, 


0; 


<=00, 


0, 


1, 


0, 


go; 



mi rni 

— rtr 

w= 0, — e"i?r. — ^-R,. sin — , e " Rr, 0; 

n 

to thus passes around the triangle in the positive direction. The vertices of 

7-iri rni 

the triangle are at 0, —e " i?,., e "R^ and its angles are (n — 2r)7r /n, 
rw/n, I'v/n, respectively. 

The figure shows four other triangles corresponding to the upper halves 
of the four other leaves of the ^-surface. 

The number of linearly independent integrals of the form 



/: 



t'—^dt 



V'l - 1» 

is i (n — 2) if n is even, and i(n — 1) if n is odd. Again, the number of dis- 
tinct isosceles triangles that can be formed from the regular n-gon is i{n — 2) 
for n even, and J( n— 1) for n odd. Hence there is a one to one correspond- 
ence between these triangles and the hyperelliptic integrals. This result may 
be embodied in the following theorem : 

The totality of distinct isosceles triangles that can he formed from a regu - 
lar n-gon is represented upon the upper half of the z-plane by the complete set 
of linearly independent hijperelliptic integrals of the form 



I 



f-^dt 
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t being connected toith z by the relation 

z^ - 1 
' - z' 

The isosceles triangles are not the only ones that can be treated by means 
of hyperelliptic integrals. In fact, every right triangle whose angles are 



2 ' 'n 



(i-'> 



can be conformally represented upon the upper half of the z-plane by means 
of the relations 

(12) W= I ..r^, ^i!^ = 



■Jl 



z 



This follows upon reducing integral (7) by the substitution W ~ 
properly choosing constants, and afterwards assuming 

X, 1 ^ 

n 2 

The fact is apparent geometrically, since every right triangle is exactly 
one-half the corresponding isosceles triangle. 

5. Special cases. In this section it is proposed to study in more de- 
tail the triangles formed from n-gons in which n has the values, 3, 4, • • • 10, 
and, in particular, to determine all the triangles whose conformal representa- 
tion can be effected by hyperelliptic integrals of deficiency 2. The cases n = 3, 
4 are well known and lead to elliptic integrals. The representation is effected 
in these cases by the relations* 

* Love : Vortex Motion in Certain Triangles, ^mer. Jour., vol. 11 (1889). The integral 
expressions and the orientation of the triangles are completely studied iu this article. 
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and 

dt ., 2« - 1 
w 






2* 



respectively. 

In these cases the triangles completely cover the to-plane without over- 
lapping. 

For n = 5, we have »»= 2. The two triangles are [4, 4, 2] and [3, 3, 4] ; 
i. e., they are both isosceles. The confornial representation is effected by the 
equations 

f <if f tdt zi-l 
(14) w, = / ■ , JCj = / , and f* = 5— 

Figure 1 exhibits the correspondence, the triangles PST and PQR cor- 
responding to the upper half of the first leaf of the 2;-surface. Here the to- 
plane cannot be covered completely without overlapping and it is natural to 
seek some surface that can be so covered. 

For this purpose I choose two integrals : 

,1 n dt , 1 ft tdt 

where 7?i and Ili have the definitions given in ( 10) . This causes the vertices &', 

T, and Q, It of the two triangles to lie on the unit circle; thus, if a ise*, 
then S and T arc at a' and a\ respectively, while Q and R lie at a' and a", 
respectively. If, now, v^ and v-i are two integrals connected with to} and toj 
by the equations 

then the vertices of the two triangles will be given by the following values of 
Vi and v-i : 

r-A \\ .Sand Qi\ \ ; Ji and T:] \. 
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Constructing the triangles SMT and QLR which correspond to the lower 
half of the first leaf of the ^-surface, it is seen that the vertices il/and L are 
given by the values r, = 1, Vj = 1 . This suggests the following 
geometric device : if the quadrilateral P8MT be bent along the 
line PiUf and the quadrilateral PQLR along the line QR, the 
two may be fitted together to foi-m a tetrahedron PQRL 
(Figure 2), whose vertices correspond, respectively, to the 
following values : 





R:- 



'vi = 01 



1^2 = 1. 




Fid. 2. 



The points S and D (where 8 bisects QR) both corre- 
spond to the values Uj = Wa = J. 

To any given z in the upper half of the first leaf of the Riemann surface 
over the «-plane there correspond in general two points in the shaded portion 
of the tetrahedron, the exceptions being for z = 0, +1, or — L which corre- 
spond respectively to P, Q, R. z = ix) corresponds to the two points 8 and 
D. Five such tetrahedra, connected together at one vertex, form a complete 
picture of the 2-Riemann surface. 

For n = 6 we have i* = 3. There are two isosceles triangles, [5, 5, 2] 
and [4, 4, 4], and one right triangle [5, 4, 3]. The right triangle is elliptic ; 
i. e., it is represented conformally upon the upper half of the z-plane hy an el- 
liptic integral. Taken in connection with the triangles noticed for n = 3 and 
4, respectively, it completes the set of elliptic triangles. 

The conformal representation of the isosceles triangles is effected bj' the 
equations 



(17) 



/•' dt f* tdt ^ z' - 1 



v/1 



The tetrahedron formed as in the case for n = 5 is regular, showing clear- 
ly the possibility of representing the triangles conformally upon the upper 
half-plane by means of elliptic functions.* In fact, the substitution f = l/.s 



Klein, Vorlesungen iiher das Il-osaeder. 
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in the first integral of (16), t^ = s in the second, with proper choice of con- 
stants, reduces each of tliem to the same elliptic integral ; viz : 



/ 



dy 



Y/4y3 _ 4 

The correlation of the two triangles can then be effected completely by the 
relations 



(18) 



phc 



and^^w = 



1 



respectively.* 

The places z = 0, 1, — 1 which correspond to the vertices of the triangles 
are seen to be the zeros and infinities of the elliptic function pu, defined by 
the equation 

p'u = y'4p% — 4- 

The period-parallelogram is a rhombus (Figure 3). If this rhombus be 
doubly-covered, cut and bridged along the line AB, and the two leaves sewed 
together along the outer edges, it may be 
completely covered without overlapping by 
alternately shaded and unshaded triangles of 
either sort, [5, 5, 2] or [4, 4, 4]. The rhom- 
bus, so constructed, will then be a complete 
picture of the corresponding 2-Riemann sur- 
face, there being just twelve equal regions by 
either mode of division. That such a repre- 
sentation is possible, is at once apparent from 
the fact that both isosceles triangles are the doubles of the same elliptic 
triangle [5, 4, 3], and thus the square-root process in the complex-plane is 
suggested, t 

For n=7,p — 4:. There are three isosceles triangles which are conformally 
represented upon the upper half-plane by the three hyperelliptic integrals 





Fig. 3. 



/ 






(r = 1, 2, 3) and f = 



* Love, loc. cit. 

t This representation formed the basis of a report read before the Chicago section of the 
American Mathematical Society, January 2nd and 3rd, 1902. See Bulletin for February of that year 
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Besides these isosceles triangles, there is a "cyclic" triangle [6, 5, 3] repre- 
sented conformally upon the upper half-plane by an Abelian integral of defi- 
ciency^ = 3. The complete set of linearly independent integrals /j, [see §2] 
represents this same triangle with its vertices permuted. There is no triangle 
formed from the heptagon which can be conformally represented upon the up- 
per half-plane by an integral of deficiency 2. 

For n z= S, V — b. There are three isosceles triangles one of which is 
elliptic. The other two lead to integrals of deficiency 3. There is a scalene 
triangle [7, 6, 3], which also leads to an integral of deficiency 3. There re- 
mains the right triangle [4, 5, 7] which can be conformally represented by 
an integral of deficiency 2; viz., from (1), 

C,ra + C^= f 

J ^{z + l)*(z- 1)V 

The second integral of the first kind existing upon the Riemann surface 
is 

dz 



Ciiv + a 



Je/(2 + 1 



«/(z + 1)^(2; - l)'s» 

which represents the same triangle with the last two vertices permuted, i. e., 
the triangle [4, 7, 5], These two integrals reduce to the normal hyperellip- 

2—1 

tic form by means of the substitution 2<* = , so that, by proper choice 

of the constants, the conformal representation is efl^ected by the equations 

These integrals also follow from formula (12). 

Here we have an eight-leaved Riemann surface over the 2:-plane. The 
corresponding ^-surface is two-leaved with winding points at 0, =o , ±1, and ±^. 
The real axis of the first leaf, say, of the ^-surface corresponds to the boun- 
dary of a sector in the first quadrant of the upper leaf of the ^-surface whose 
vertical angle is 7r/4. The complete correspondence between the two surfaces 
is easily determined, but is not necessary for our present purpose. The w- 
triangles corresponding to the upper half of the first leaf of the 2;-surface have 
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the positions ^IJW and AB'C, jfe« shown in Figure 4. By completing the 
parallel ogranis, as shown in the figure, where the unshaded triangles corre- 
spond to the lower half of the upper leaf of the a-surface,* and choosing con- 




/■plttiie. 



tf>.|ilniie. 



PlUUKK 4. 



sttvnts properly as in the case for n = ft, the two parallelograms may ha bent 
to form a tetrahedron which can bo completely covered without overlapping 
by the triangles. 

The tetrahedron can be covered by repetitions of either of the isosceles 
triangles, [7, 7, 2] or [5, 5, fi]. As a matter of fact each of these isosceles 
triangles is double the right triangle we have been discussing. The square- 
root process in the comple.v plane is again suggested. The conformal repre- 
sentation of the set of three isosceles triangles fonued from the octagon is ef- 
fected by the oijuations 



(20) 



/■« (It n tdt f t-dl 

"'=XvT^*' "'^I'^jf^' '"'^i^Jf^' 



t* = 



z^-l 



The substitution (^ = s reduces the first and third of these integrals to the 
form given in (1S>)> *"<i t'^e second to an elliptic integral. This result is per- 
fectly analogous to that of the triangle [5, 5, 2] treated by Schwarzf and 
Love.t and discussed here in the case for h = 6. 



lace. 



♦The triiingles CUD :uid C'l'l'D' correspond to tlie upper half of the fifth \eai of the «-a>ir- 
iLoc. cit. 
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For n = 9, V = 7. Not any of these seven triangles can be represented 
i'onfonually upon the upper half of the z-plane by integrals of deficiency 2. 
The triangle [6, (5, 6] is elliptic, all the others correspond to integrals of de- 
ficiency either 3 or 4. 

For n = 10, V = a. There arc four isosceles triangles and two right tri- 
angles. The two scalene triangles [9, 8, 3] and [9, 7, 4] liave associated 
with them the triangles [8, G, 6] and [4, 8, 8] and correspond, respectively, 
to integrals of defi«nency 4. 

From (12) the confornial representation of the right triangles [ 7] 

and [5, 6, 9] is crtcctcd by the ciiuations 



/■' dt /■' tdf. 



These integrals are, of course, exactly the same as in the case for h = 5, 
since the rigiit triangles are, respectively, ihe halves of the isosceles triangles 
tlicre considered. The same tetiuhcdron will serve for the surface which is 
to be simply (;overcd. 

The four isosceles triangles are [9, 9, 2], [8, 8, 4], [7, 7, (>], and 
[(!, <;, 8] . The second and fourth of tiiese are tiic ones considered in the case 
lor u — i>. Tiie first and third are also double the rigiit triangles [5, 6, 9] 
and [.'), 8, 7], respectively. The confornial representation of the set of four 
isosceles triangles is cU'ected by the equations 

/■' <•• - hit ?* — 1 



The second and fourth of tiiese in{<'j^rals reduce to the form (21) by tiic 
siit)8titution f — s, while the first and third reduce to the same fonn by the 
sul)stitution fi — l/.f. 'I'hus we have a second example analogous to the tri- 
angle [."i, T), 2]. The same tetrahedron [Figure 2] can be simply covered by 
the triangles [9, 9, 2] and [7, 7, (>]. 

We have now completed our 8«!arch for triangles corresponding to inte- 
grals of deficienc^y 2, for it is <fvidcnt from formulas (9) and (12) that n can- 
not lie greater than 12. On examination wc find that not ont^ of the twelve 
possible triangUis (hat can be fonned from the dodecagon, corresponds to an 
integral of deficiency 2 [or hsss] except tliosis already discussed, as occurring 
in rt-gons of fewer than twelve sides. 
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Bringing these triangles together, they are : 

1. [5,5,2], whose angles are 7r/6, Tr/6, 27r/H, 

7r/5, tt/S, 37r/5. 

27r/5, 27r/5, 7r/5. 

IT 12, 37r/8, tt/S. 

7r/2, 7r/5, Stt/IO. 

7r/2, 27r/r), tt/K). 

Besides these triangles there are four others which can be reduced to the 
hypcrelliptic case j? = 2 ; viz : 

1. [7,7,2], whose angles are 7r/8, ir/S, 3-ir/4. 

2. [5,5.6], whose angles are Ott/S, Stt/S, 7r/4. 

3. [9,9,2], whose angles arc tt/K), tt/IO, 47r/.'>. 

4. [7, 7, 6], whose angles are Stt/IO, ott/IO, 27r/5. 

Univkrsity op Wisconsin, 
August, 1903. 



2. 


[4, 4, 2], 


whose angles are 


3. 


[3,3,4], 


whose angles are 


4. 


[4,5.7], 


whose angles are 


5. 


[5,8,7], 


whose angles are 


6. 


[5,6,9], 


whose angles are 



